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Abstract—A solution is presented for the elastic stress intensity factors at the tips of a slightly kinked,
partially closed crack in compression. The solution is accurate to first order in the deviation of the
crack surface from a straight line and is carried out using perturbation procedures analogous to those
of Banichuk (1zv. Akad. Nauk SSSR Mekh. Tverd. Tela 7, 130 (1970)), Goldstein and Salganik (Int. J.
Fracture 10, 507 (1974)) and Cotterell and Rice (Int. J. Fracture 16, 155 (1980)) for the problem of an
open crack. Comparison with the exact solution indicates that the asymptotic solution is accurate for
values of the angle between the straight crack and its out-of-planc kinks up to about 20°.

1. INTRODUCTION

Experiments on glass plates containing pre-existing planar through cracks oriented at an
angle to the direction of the axial compression have revealed that the relative sliding of the
faces of the pre-existing cracks does not result in co-planar crack growth, but rather
produces at the tips of the pre-existing cracks small tension cracks which deviate at sharp
angles from the sliding plane[1-4]. These experiments are designed to be models for the
propagation of cracks in rocks in compression. In this paper, we are concerned with the
calculation of stress intensity [actors at the tips of the kinked open extensions of a closed
sliding through crack. The same method can be extended to a curved crack with several
closed sections. The solution obtained is accurate to first order in the deviation of the crack
surface from a straight line drawn between the kink tips and is carried out using perturbation
procedures similar to those used in Refs [5-9] for the problem of the open crack. The results
can be stated in terms of known solutions for a single straight crack or a co-linear array of
straight cracks.

A complete solution to the problem of the sliding kinked crack has been given by
Nemat-Nasser and Horii[3], who used a continuous distribution of dislocations to model
the crack and its kinks. In order to find the stress intensity factors, they solved numerically a
singular integral equation for the dislocation distribution. In contrast, we can avoid the
solution of the singular integral equation by using the results of the asymptotic analysis for
the stress intensity factors. However, the validity of the asymptotic solution is limited to
small deviations of the crack surface from a straight line. Comparisons with the exact
solution given in Ref. [3] indicate that the first-order solution for the mode I stress intensity
factor is accurate for values of the angle between the straight crack and its out-of-plane kinks
up to about 20°.

2. GENERAL FORMULATION OF THE PROBLEM

2.1. Formulation of the boundary value problem

Consider an infinite plate of a homogeneous, isotropic, linearly elastic, brittle solid
containing a curved crack on y = A(x), with its tips at positions x = ta (Fig. 1). A uniform
state of stress 63, o5 and o3 is applied at infinity, with o} < 0 and o3, < 0, where tension is
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Fig. 1. Infinite plate containing a curved crack.

regarded as positive. The corresponding two-dimensional boundary value problem is given
by

0;,;=0
2e;=u; j+u;, inV (1)
Oij = Cijklskl
0= 0% at infinity )
Opn(X,4) = 0,4(x,4) =0 on the open portions of the crack 3)
Ous(X, A} = po,,(x, ) on the sliding portions
Ul (x,4) = u; (x,4) of the crack (4)

where g;;, ¢;; and u; are the stress, strain and displacement ficlds in the region V occupied by
the body, C,j, is the fourth-order tensor of the elastic moduli, 6,, and g,, are the normal and
shear tractions at the crack surface, u, is the displacement in the direction normal to the
crack surface, u is the coefficient of friction, A4 ; is A4/0x; and the superscripts plus and minus
denote the value of the indicated quantity on the upper and lower surfaces of the crack. Note
that the open and sliding portions of the crack are, in general, not known in advance and
their determination becomes part of the solution.

2.2. Small-parameter expansion
The essence of the approximation we use is that the solution to the problem with the
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curved crack is close, in some sense, to the solution of a similar problem for a straight crack.
In fact, we shall use the solution to the following problem, involving a flat crack, as the
leading or zero-order approximation in our expansion. Let ¢'?, £® and u'® be such that
) —
oy =0
(0) _ [}] 1] 4 ’
26 = u) +ujl) in V (5)

©) — (0)
0ij' = Cijutu

and
o =o7 at infinity (6)
oi(x,0) = 0'¥(x,0) =0  on the open portions of the crack 7
a(x,0) = uo'®(x,0) on the sliding portions
uy (x,0) = u; (x,0) of the crack 8)

where V' is the plane with a straight slit lying on the x-axis from —a to a. If the slope of the
actual crack, A'(x), has order of magnitude ¢ < 1 at its largest, then we can seek a
perturbation expansion in ¢ for the solution to the problem of the curved crack, such that

o =06'"+0"40(?) 9)
6 =&+ 4 0(?) (10)
u=u?+u+0(@? (11)

where ¢''’, £ and u'" are all O(¢) compared to the leading order terms. We mention that
A'(x)=0(e) also means that A(x)/a = O(g), because A(+a) = 0. What remains now is the
finding of the equations and the boundary conditions governing ¢'*’, £ and u'’, We note at
this stage that our approach is identical to that of Cotterell and Rice[7], except that they
addressed the problem of a crack open everywhere. Furthermore, they found their solutions
and expressed their expansions in terms of Muskhelishvili’s[10] complex potentials. We
prefer to work in terms of fundamental quantities, although it is entirely possible that the
partially closed, slightly curved crack can also be solved by a variation of the complex
variable treatment of Cotterell and Rice[7].

We return now to the question of finding ¢'!’, &* and u'". In order to find the equations
and boundary conditions governing ¢'*’, &'’ and u'*’, we substitute the expansions (9)—(11)
into eqns (1)-(4). We also use the fact that both i(x) and 4'(x) are O(g) to write expansionsin ¢
for the tractions and displacements on the crack surface y = A(x). Using a tensorial
transformation, we find that the normal and shear tractions on the actual crack can be
written as

On(X, A) = 30, (x, 2) +0,,(x, 1)]
+4[0,,(x, 1) —0,(x, )] cos 20 —o,,(x, 4) sin 20

Ous(x, A) = 0,(x,4) cos 20+4[0,,(x, 1) —0,,(x, 4)] sin 20

where 6 = 2'(x) + O(e*). Then, using a Maclaurin series expansion in 6 for sin 26 and cos 20,
we find

Oun(Xs ) = 0,,(x, 1) =24 (x)0,,(x, A) + O(?)

g%, A) = 0,y(x, 1)+ A'(x)[0,,(x, 2) — 0,,(x, )] + O(e?).
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If we now write Maclaurin series expansions in y for g, ., 0,, and g,, the last two equations
become

do,,(x,0)

OpnlX, A) = 0,,(x,0)— A(x) 5 —2X(x)0,,(x,0)+ O(?) (12)
00,,(x,0)
OpslX, A) = 0,,(x,0) — A(x )—%+l(x)[a,y(x,O)—O',,(x,O)]+O(ez) (13)
where we have also used the equilibrium equations d,,/dy = —do,,/0x and da,,/dy =

—0o,,/0x.
In a similar way we can show that

uy(x, A) = u,(x,0) + A(x)e,,(x, 0) — A'(x)u,(x, 0) + O(e?). (14)
Using the expansions (9)—(11), eqns (12)—(14) can be written as

(0)(x 0)

Tm(%, 4) = 03)(x,0) + 65)(x, 0) — A(x) —L—— — 2 (x)a}(x, 0) + O(?) (15)

(0)(x 0)

Ous(x, ) = 00(x,0) + 6)(x,0) — A(x) —=—"—+ X' (x)[0}P(x,0) - 0'0(x,0)] + O(e?) (16)

up(x, ) = ulP(x, 0) + ulM(x, 0) + A(x)esP(x, 0) — A’ (x)ul%(x, 0) + O(e?). (17

Finally, substituting eqns (9)—(11) and (15) and (16) into the boundary value problem
formulated in Section 3.1 (eqns (1)—(4)), taking into account (5)—(8) and separating zero- and
first-order terms, we find that ¢*’, & and u'" should be the solution to the following
boundary value problem

=0
26 = ul) +ul) o in V (18)
Uf’}) = C-']ua;;})
with
o) =0  atinfinity (19)

o )(x,0) = on the open portions of the crack (20)

0l)(x,0) = puoid(x, 0)+).(x) [a‘o’(x 0)— uo'3(x,0)]
=2 (x)[(1424%)6D(x,0) - 6Q(x,0)] for|x| < a @0
uh(x,07)—ul(x,07) =

—A(x)[el(x,0") =&l (x,07)] + A (x) [u(x,0") —u(x,07)] (22)

on the closed sliding portion of the crack.

3. FORMULAE FOR THE STRESS INTENSITY FACTORS

Following Cotterell and Rice[7], let w be the angle of the crack tip at x = a, given by
w = A'(a) to first order. The normal (¢,,) and shear (g,,) stresses acting along the
prolongation of the crack at a small distance r from the tip at x = g are obtained by setting
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A= wr+ 0% = wlx —a)+0*) into cqns (15) and (16). So

(0) (0)(""0) (0 Dy 2
g, y (%,0)—w(x— )———-——-—— 20073 (x,0)+ 0%} (x,0)+ O(e?)

06'%(x,0)

= o9(x,0)—w(x —a) e

+w[6!(x,0) - ¢'2(x,0)] +6)(x,0) + O(e?).

In general, partially-closed crack problems are contact problems and part of the
solution is the finding of the closed portions of the crack; the solution depends on crack
surface conditions and is often obtained by iteration. For the rest of the paper, we assume
that the crack tip is open, so that the stress field has square-root singularities at x = +a. This
is also known to be true if the crack faces are in frictionless contact (Comninou[15, 16],
Comninou and Schmueser[17]). Then, the stress intensity factors can be calculated as

K, = lim ((/27r)e,,) = K@+ K{) + K{ + 0(?) (23)
r=0"
K"_hm(Jamwmy_KM+Km KV +0(?) (24)

where K{%, K{?, K{" and K{} are the stress intensity factors for the zero- (eqns (5)—(8)) and
first-order (eqns (18)—(22)) problems, and

(0)
K= ~w./(27) lim [(x —a)*? 66”:;;’0)+2(x-a)”20§‘;’(x,0)]

x—a’

©
K{) = —0./(2n) lim {(x —a)’? ————*ao“atc’o)-f'(x —a)?[ay)(x,0)— o (x, 0)]}

x~‘a

Using the last two equations and a Williams[ 11] expansion for the near crack tip stress
field, we can show that

K{l) = —JuK{ (25)
and
Kii, = JwK{®. (26)

From the formulation of the first-order problem (eqns (18)~{22)), it is clear that this can
be considered as the superposition of the following two problems; problem (i) with a
prescribed normal displacement and zero shear traction on the sliding portions of the crack
and with the rest of the crack traction free, and problem (ii) with a prescribed shear traction
and zero normal traction everywhere on the crack face. Assuming that the sliding and open
portions of the crack are known and using the solution of the zero-order problem, we can
determine K{"’ from the solution of problem (i) mentioned above.

As far as K{}? is concerned, it is obvious that only the prescribed shear tractions at the
crack surface of problem (ii) mentioned above that have opposite directions on the upper
and lower surfaces of the crack have a non-zero contribution to Ki}'. With the definition

A(x) = 4[A(x,0")+ A(x,07)]

K{} is known (e.g. Ref. [12]) to be

n =

"”( ) ( @n
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where, according to (21)

G = G (x) + Alx) — [0‘0’(1 —ua' S (x)]

— 20+ 2y2)&;2’(x) —59(x)]. (28)

On the other hand, it is possible that the stress field of the zero-order problem, ¢'”, has the
characteristic 1/./r elastic singularity at several points in the interval |x| <a; since
derivatives of ¢'® with respect 1o x arc involved in the formula for a‘” (cgn (28)), non-
integrable singularities will appear in eqn (27). To overcome this dlfﬁculty, we assume, for
the moment, that the stress components o{’(x,0) are all bounded and differentiable with
respect to x in the interval |x| £ a; thismakes a“’(x 0) also bounded on the crack face. In the
case where ¢{J'(x, 0) are singular at some point in the interval |x| < a, the singularities are
removed by replacing o\Y(x,0) by bounded functions that reduce continuously to zero (or
any other value that makes o{’(x, 0) continuous) over distances closer than a small distance
d to the point where the smgulanties appear. Later it is shown that it is possible to let é tend
to zero, i.c. effectively to remove the restriction of bounded and differentiable ¢{)'(x,0).

We return now to the calculation of K. With the above continuity assumptions on o{)’
we can integrate by parts eqn (28) to find

Ky =-—— J‘ {ueld) — A'[(1+2p%)6\)) — 6%

+ [V +8(@)](6 — ua'd)} \/(Zi——i) dx

TR [

It should be noted that ai(x)+ (a —x)4'(a) = (d/dx)[aA(x)+ (@a—x)A'(a)]) =0 at x = a,
so there is no divergence at the upper limit of the second integral in (29). It can also be seen
that an integrable singularity can exist in &{(x), provided it is not at x = +a, as was also
noted in Ref. [7]. Specifically, in terms of our earlier discussion, 6 can be shrunk to zero and
in that limit, the result of eqn (29) for K{}’ approaches the result obtained by inserting
directly into eqn (29) the singular, actual a‘}” x). Such considerations, based essentially on
the fact that the final result of eqn (29) for K{;’ contains o {{’(x) only (and not derivatives with
respect to x), allow us to conclude that eqn (29) is vahd for all integrable a“”( ) (i.e. not
necessarily bounded or continuous).

We mention again that part of the solution to our problem is the finding of the closed
portions of the crack and this is often obtained by iteration. Assuming that the contact
regions are known and having solved the zero-order problem, we can proceed to solve the
first-order problem and use the formulae given in this section to find first-order corrections
to the stress intensity factors. In some cases (see Section 4) physical reasoning can be used to
determine the contact regions; however, this is not always possible and one must always
check whether the obtained solution is consistent with the assumed contact regions.

4. THE PROBLEM OF THE KINKED CRACK

A particular case of the curved crack is the kinked crack shown in Fig. 2. The shape of
the kinked crack is given by

—"i(x+a) for —as<x<-b
b—a

Mx) = { mx for |x| < b

mb
b—u

In this case, w = A'(a)+ O(c®) = mb/(b—a) + O(c?).

(x—a) forb<x<
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Fig. 2. Infinite plate containing a kinked crack.

Following our previous discussion, we assume that both m and mb/(b—a) are O(e),
which is equivalent to assuming that A'(x) is O(c). We mention again that we are concerned
with the case where both ¢, and o7, are negative and so, we assume that the portion of the
crack in the interval |x| < b remains closed during the application of the load. Thus, the
sliding portion of the crack is the interval |x| < b and the open portions are the intervals
b < |x| < a. Physically, this is a reasonable assumption to make and it simplifies the whole
iterative process of {inding the contact regions and their sizes. As mentioned in the previous
section, in this paper we are only concerned with the case in which the crack tip remains open
and formulae (23)-(26) are applicable. However, there is a possibility that the applied
stresses ;7 and the orientation of the kinked crack are such that the whole crack remains
closed and does not slide. So, after solving the problem assuming that the crack opens in the
intervals b < |x| < a, we must check the validity of this assumption. A necessary condition
for this assumption to be true is that K, at the tips of the kinks is positive; if the calculated K,
is negative, the tips of the kinks remain closed and the assumption that the crack opens in the
intervals b < |x| < a is in error.

4.1. Solution of the zero-order problem

The zero-order problem can be considered as the superposition of the four problems
shown in Fig. 3, where F(x) is the distribution of the o{3(x, 0) stress component of problem 1.
We note that for problem 4 the shear stress on the crack face, 63(x, 0) = uF(x), opposes the
relative sliding of the crack faces. The quantities of interest for each of the four problems
mentioned above are given in the following. In the solutions presented in the rest of this
section, conditions of plane strain are assumed; in order to get the plane stress solutions we
simply replace v by v/(1+v).
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Fig. 3. Superposition used in the solution of the zero-order problem.

4.1.1. Problem 1. The solution to this problem has been given by Erdogan[13] and is as
follows

0 _ Ty 1Ek) )
o\ )(x,0) \/((bz—-xz)(az——xz)) [a R®) x* | = F{x) (30)

o%(x,0) = F(x)—o5,
a(xoy}(xa 0) =0
u(x,0") = u®(x,07)
é9(x,0%) = &P(x,07)  for |x| < b;
and
oQ(x,0)= -0y, forb<|x|<a
where K(k) and E(k) are the complete elliptic integrals of the first and second kind,

respectively, and k = \/ (1—b%a?).
Also, the stress intensity factors for this problem are

o _ m/(ma) [ E(k)
Ki® = k [1 K(k)}
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and
K =0.

Problem 2 consists of a plane strain tension. The solution to this problem is quite

obvious; therefore we proceed to problem 3.
4.1.2. Problem 3. The solution to this problem is known (e.g. [12]) to be

0Q(x,0%) = Fo3

. 2x
+ xy \/(aZ _XZ)
oi9(x,0%) = 6{9(x,0%) = 0

G’ X

\/(az_xz)

(0)(x 01) =
and
u® (x,0%) = +(1-v) % \/(az—xz) for x| <a

where G is the shear modulus of the material.
In addition

K® =0
and

K©? =02 \/(na)

4.1.3. Problem 4. The solution to this problem is derived in Appendix 1and is as follows

0\ P(x,0%) = +uo?

yy \/(a

(0)(x 0)

o3(x,0) = uF(x)

Oy 0ty = I ”a;;__x__
sw(x’ ) +Vv G \/(az__XZ)

u(x,0%) = FU-EZ fla?=x)  for x| < b;

and

. 1 (k) X
oRx,09 =% Zuo,,{\/((xz —b%)(a*-x?) [ - K(k)] \/(‘12 - xz)}

for b < x| <a.
Also
K{®=0

" E(k
K;;»=%@[l_k_%k>)}
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4.1.4. Superposition. Superimposing the solutions of the four problems shown in Fig. 3,
we find the quantitics of intcrest of the solution to the zero-order problem to be

Fo(x) = F(x) =05 +0% (31)
643 = F(x) (32)
a9x) = uF(x) (33)

G5 —Us x
e(x,0%) —ex,07) = 2v = e 224 \/(az-xz) (34)
HO(x, 07)=ul(x,07) = 2(1-) 22 fig? — ) (35)

for |x| < b; and

FQx) = —oS+0% (36)
5‘0’(x) _ a‘o’(x) =0 {37)

for b < |x| < a.
Also, the stress intensity factors for the zero-order problem are given by

o 05y/(na) _ E(k)
K = p [1 (k)} (38)
K = (65— uoR)y/(na)+ uK . (39)

4.2. Stress intensity factors for the first-order problem

As discussed in Section 3, the first-order problem can be considered to be the
superposition of the two problems shown in Fig. 4.

The mode I stress intensity factor K{! is determined by solving problem 1 in Fig. 4,
which is actually the problem of the opening of a finite crack by a rigid wedge. The general
solution to this problem has been given by Markuzon[ 14]. Taking into account eqn (22) and
the solution of the zero-order problem derived in the previous section, we find that, for our
particular case, the shape of the wedge, h(x), is given by

03 —uod (1—vja*—x?

2h(x) = !V {x,0")—ulP(x,07) =2 , x| < b. 40
( y ) ¥y ) G \/(az_'xz) ’ | )
{n (2}
Y Y
2h({x}
x + _.4-4-4-o-+o-«4-4- + - x
-3 —b b a e i R R A R R e e Y |

,:;'(x 0}

Fig. 4. Superposition used in the solution of the first-order problem.
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Using the above formula for the shape of the wedge and Markuzon’s[ 14] solution, we find
the mode I stress intensity factor to be (see Appendix 2)

m k*—Q-vki+(1-2v+2C)k +v
-V

KPP = ( x} #0'”,)\/(7[(( 2k2

(41)

where

1 (= KK +[(142v)K (k) ~2E(k)]k +2v
T K(k) 2k

Jx\/(x —b?) a\/az—bz) dx
b a*—x? Jl@*=x*)(x2-b?)’

We proceed now to the calculation of the mode II stress intensity factor for the first-
order problem, K{!’, which can be determined either by solving problem 2 in Fig. 4, or
2quivalently, using eqn (29). We note that 6:%(x), 619'(x) and 6'3'(x) all have the characteristic
l/\/r singularity at x = + b; but as discussed in Section 3, eqn (29) for K|}’ can still be used,
provided that the singularities are integrable, which is indeed the case. So, using the solution
of the zero-order problem derived in the previous section and applying eqn (29), after some
lengthy, but straightforward, integrations we find

KD = uKi + (02 —-02)./I( na)—(l —%% sin™! b)+2112’"”;'}\/(”“)
© _ o Ek) 1-p?[ E(k)
+0; \/(na)Zk{l Sut+ (143 )K(k) 7| ! R®) (42)

where K{! is given in eqn (40).

5. DISCUSSION AND COMPARISON WITH THE EXACT SOLUTION

The obtained asymptotic solution for the stress intensity factors at the tips of a kinked
crack is of the form

K, = K{® —3wK{®+ K{" + 0(e?)
Ky = K +10K{® + K{P'+ 0(e?)

where K{%, K{?, K{"' and K|}’ are given in eqns (38), (39), (41) and (42), respectively.
Equations (41) and (42) show that K{’ and K|}’ depend on Poisson’s ratio. This is not
surprising since displacement boundary conditions have been used along the closed portion
of the crack. However, numerical calculations of K{"’ and K{}’ show that their dependence on
v is very weak and that their values for plane strain and plane stress are practically
indistinguishable. On the other hand, since the zero-order problem is a traction boundary
value problem with zero body forces, the leading terms, K{® and K{’, are the same under
plane strain or plane stress conditions and independent of the elastic constants.

Next, we apply our results to the problem of an infinite plate containing a kinked crack
oriented at 36° to the overall compression (Fig. 5). The exact solution, given in Ref. [3], and
the asymptotic results for K, are plotted in Fig. 6 vs the angle between the straight crack and
its out-of-plane kinks, @, for several values of the ratio of the length of the kink, I, to the length
of the straight crack, c. In general, the region of accuracy of the asymptotic solution depends
on both //c and 0, because the values of m and w in our analysis, which must be small for the
asymptotic solution to be valid, depend on both I/c and 0. But, roughly speaking, the
asymptotic solution is seen to be accurate for values of 0 up to about 20°. Unfortunately, the

SAS 22:11-T1
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Fig. 5. Infinite plate containing a kinked crack oriented at 36° to the overall compression.
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Fig. 6. Stress intensity factor at the tips of the kinked crack shown in Fig. 5 (u = 0.3).

values of Ky, for small values of 6 are not given in Ref. [3]; so, comparisons of the asymptotic
result for K,; with the exact solution were not possible.

We mention also that the sign of K, depends on the orientation of the main crack to the
loading direction as well as on [, ¢, and 0. For some of the cases shown in Fig. 6, K, is
negative. This means that the assumption that the crack opens in the intervals b < |x| < ais
no longer valid. The correct solution to the problem can be obtained by iteration, i.e. one has
to repeat the analysis taking into account the contact zones near the crack tips. This
comment concerns both the exact and the asymptotic solution, and poses a challenging
problem. The solution to this problem is left for future investigation.

6. CLOSURE

A first-order solution has been obtained for the stress intensity factors at the tips of the
kinked extension of a sliding crack. The validity of the asymptotic solution is limited to
kinked cracks with small deviations from straightness. There are several situations where
this deviation is indeed small. As an example, consider the case of glass plate or a rock block
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containing several small cracks at different orientations. Under the application of a
compressive load, the cracks with an angle to the direction of compression, y, greater than
y. = tan"! (1/u) will remain closed and only those with y <y, can, possibly, slide and
propagate. It is also known[1-4] that these cracks tend to propagate towards the
direction of compression. So, if the coeflicient of friction, u, is very high (which makes y,
small) the crack propagation will create kinked cracks with small deviations from
straightness. For situations like these, the asymptotic results can be used to determine the stress
intensity factors and to make predictions for the direction of further propagation. In
addition, fatigue due to non-proportional loads can causc the development of cracks that are
not straight and are partially closed, although open at the tip. For cases where the deviation
from the straight line is small, the methods devised here can be used, although a criterion for
determining where the closed portions lie would have to be developed.

Acknowledgement—This work was carried out with support from the Office of Naval Research under Contract
N00014-81-K-0650 and while R.M.M. was a Science and Engineering Research Council Fellow at the University of
Cambridge, England.

REFERENCES

1. W.F. Brace and E. G. Bombolakis, A note on brittle crack growth in compression. J. Geophys. Res. 68, 3709
(1963).

2. E.Hock and Z. T. Bieniawski, Brittle fracture propagation in rock under compression. Int. J. Fract. Mech. 1,
137 (1965).

3. S. Nemat-Nasser and H. Horii, Compression-induced nonplanar crack extension with application to splitting
exfoliation and rockburst. J. Geophys. Res. 87, 6805 (1982).

4, M. F. Ashby, private communication.

5. N. V. Banichuk, Using a small-parameter method to determine the form of a curved crack. Izv. Akad. Nauk
SSSR Mekh. Tverd. Tela 7, 130 (1970) (English translation in Mech. Solids §, 114 (1970)).

6. R. V. Goldstein and R. L. Salganik, Brittle fracture of solids with arbitrary cracks. Int. J. Fracture 10, 507
(1974).

7. B. Cotterell and J. R. Rice, Slightly curved or kinked cracks. Int. J. Fracture 16, 155 (1980).

8. B. L. Karihaloo, L. M. Keer, S. Nemat-Nasser and A. Oranratnachai, Approximate description of crack
kinking and curving. J. Appl. Mech. 48, 515 (1981).

9. Y.Sumi,S. Nemat-Nasserand L. M. Keer, On crack branching and curving in a finite body. Int. J. Fracture 21,
67 (1983).

10. N. I. Muskhelishvili, Some basic problems on the mathematical theory of clasticity. Noordhoff (1952).

11. M. L. Williams, On the stress distribution at the base of a stationary crack. J. Appl. Mech. 24, 109 (1957).

12. J. R. Rice, Mathematical analysis in the mechanics of {racture. Fracture—An Advanced Treatise (Edited by H.
Liebowitz), Vol. 2, Chap. IIl. Academic Press, New York (1968).

13. F. Erdogan, On the stress distribution in plates with collinear cuts under arbitrary loads. Proc. 4th U.S. Nat.
Congress Appl. Mech., p. 547 (1962).

14. 1. A. Markuzon, On splitting of a brittle body by a wedge of finite length. Prikl. Mat. Mekh. 25, 356 (1961).

15. M. Comninou, The interface crack. J. Appl. Mech. 44, 631 (1977).

16. M. Comninou, The intcrface crack in shear ficld. J. Appl. Mech. 45, 287 (1978).

17. M. Comninou and D. Schmueser, The interface crack in a combined tension—compression and shear ficld. J.
Appl. Mech. 46, 345 (1979).

APPENDIX 1

Problem 4 in Fig. 3 is formulated in terms of the complex potentials ¢ and y of Muskhelishvili[ 10]. The stresses
and displacements can be cxpressed as

Ou+0,, = 2[¢(2) + )] “3)
Tyy =0y +2i0,, = 2[3¢"(2)+¥'(2)] (@4)
2G(u, +iu,) = kd(z) —26'(2) — ¥() 45)

where x = 3 —4v for plane strain and x = (3 —v)/(1 + v) for plane stress, the overbar denotes the complex conjugate
and prime stands for differentiation with respect to z = x +iy.
Introducing the analytic function
Q(z) = 2¢'(2)+¥(2)
eqns (43)-(45) can be written as

Gt 0, =2[¢'(2) +m] (46)
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Byy = Oy + 200, = 2[(E = 2)¢"(2) ~ Q) — ¢'(2)] @7
2Gtu, +iu) = xqb(:)—(:—f)?q?’{?)—h?:} {48}
For a prescribed shear traction o,,(x,0) along the crack face, it is known (e.g. Ref. [12]) that

Gyylx ())\/(a2 -—x’)—d-i. 49)

&'{z) =) 27:\/{:2‘,&2)‘{-_‘ X—z

In our problem

xy( 0)

{uF(x) for xj < b (50)

forb<|x|<a

where F{x) is defined in eqn {30). Substituting egn (49) into eqn {50) and carrying out the integration we find

E(k) 1 z
’ Q -l
¢(2) = Q) = I‘aﬂ{{ K(k):[ \/«z ~az)(zz bz)) \/(‘ _az)}

Finally, using eqns (46)(48) and the definition

Ki+iKy = lim /Qn(x~a))[o,,(x,0) +id,,(x,0)] 5

x—a

we find the results shown in Section 4.1.3.

APPENDIX 2

The solution to the problem of the opening of a finite crack by a rigid wedge has been given by Markuzon[14].
In terms of Muskhelishvili's[10] complex potentials, the solution is shown to be

2G 1 dh ¥ dx G,

¢'(Z)=n'(z)=n(x+l)m _,,&} J‘)c-':e“")((z)

(52)

where h(x) is the function determining the shape of the wedge of length 2b (see Fig. 4), X{(z)= \/ {(@® = z%)(b* —2%)
and the constant C, is determined from the equation

L I S N A Ry ML U
nj: \/((az_xz)(xz_,bz))[j’jbdt Ve -eye~ o ]d 26 4 0T O

As discussed in Section 4.2, the shape of the wedge for our problem is given by

o3, —uay (1 ~vla? —x?
G \/(az _xz) '

Substituting eqn (53) into eqn (52) and carrying out the integrations, we find

hix) =

x| < b. (53)

ma? o5~ uos
200—v) \/((zz ~a)z? - h?))

. fa2_p2 _h? :z__,_. 22 bl WY
X[V.\A i a\/(a b?) VI =b) 2wl +b +c}

P a a2 2a?

¢l = ) = -

where

___L -K(k)k3+[(l+2v)K(k)—2£(k)]k+2v
"Kw{ %

J‘x\/(x ~b?)~a,/(a*~b?) dx }
L

a? ~x? JU@? - xHx2 b2

Finally, using eqns (46), (47) and (51) we find the stress intensity factor to be

m kK =(Q—vk?+(1~2v+ 20k +
Ki= —(05~uop/na) 7 vk Z(k’ vHACkty



